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Magnetically induced optical transparency (MIOT) is a technique to realize the narrow transmission spectrum
in a cavity quantum electric dynamics (cavity QED) system, which is demonstrated in the recent experiment of
cold 88Sr atoms in an optical cavity [Phys. Rev. Lett. 118, 263601 (2017)]. In this experiment, MIOT induces
a new narrow transmission window for the probe beam, which is highly immune to the fluctuation of the cavity
mode frequency. The linewidth of this transmission window approaches the decay rate of the electronic 3P1 state
(about 2pi×7.5kHz) and is much less than the uncertainty of the cavity mode frequency (about 2pi×150kHz). In
this work, we propose an approach to further reduce the linewidth of this MIOT-induced transmission window,
with the help of two Raman beams which couples the electronic 3P1 state to the 3S1 state, and the 3S1 state to the
3P0 state, respectively. With this approach, one can reduce the transmission linewidth by orders of magnitude.
Moreover, the peak value of the relative transmission power or the transmission rate of the probe beam is almost
unchanged by the Raman beams. Our results are helpful for the study of precision measurement and other
quantum optical processes based on cavity quantum electronic dynamics (cavity-QED).
I. INTRODUCTION
In recent years, there has been a series of efforts to real-
ize optical systems with the narrow transmission spectrum.
This type of system can play crucial role in the precision mea-
surements [1–6] and the improvement of frequency stability of
laser beams [7–12]. For the realization of these narrow spec-
trum systems, a critical problem is to overcome the negative
influences from the thermal fluctuations of the reference cav-
ity, which is also the main limitation of the linewidths of state-
of-the-art laser systems [13–16]. In addition to improving the
manufacturing craft of the cavity system, one hopeful strat-
egy to solve this problem is making use of the spin-forbidden
transitions of alkaline-earth (like) atoms, e.g., the transitions
between 1S0 and 3P0,1,2 states, which have extremely narrow
linewidths. Based on this idea, people have developed a se-
rious of approaches, such as superradiant laser [17–20] and
cavity-assisted nonlinear spectroscopy [21, 22].
In 2017, M. N. Winchester et al. experimentally demon-
strated a new approach to realize narrow spectrum with
alkaline-earth atoms in the cavity, which is called as magnet-
ically induced optical transparency (MIOT) [23]. In this ex-
periment, an ensemble of cold 88Sr atoms is trapped in a high-
finesse cavity which resonates with the transition between 1S0
and 3P1 states. Due to the selection rule of this system, there
is a dark mode or a special atomic state in the 3P1 manifold,
which is not directly coupled to the 1S0 state by the cavity
photons. Nevertheless, when a static magnetic field is applied,
this dark mode is mixed with the atom-photon dressed states,
and then induces a new transmission window for the probe
beam propagating through this cavity. This new transmission
window is localized in the middle of the two vacuum Rabi
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peaks and is robust for the thermal fluctuations of the cavity.
The linewidth of this window is much less than the variance
of the frequency of the cavity mode (about 2pi×150kHz) and
can approach the natural linewidth γ of the 3P1 state (about
2pi×7.5kHz).
It is natural to ask whether we can further improve the
MIOT technique and decrease the linewidth. A straight-
forward idea is to replace the 3P1 states with other atomic
metastable states with extremely small natural linewidth, e.g.,
the 3P0 states (linewidth ∼mHz). However, the coupling be-
tween the cavity mode and the 3P0 states is too weak. As
a result, the MIOT-induced transmission peak and the two
vacuum Rabi peaks would merge as a single peak, with the
linewidth being as large as the variance of the cavity mode
frequency. Thus, this direct scheme does not work.
In this paper, we propose an approach to effectively reduce
the linewidth of the MIOT transmission peak, while keeping
this peak clearly distinguished from the other two vacuum
Rabi peaks. Our basic idea is to apply two Raman beams
α and β to the alkaline-earth atom, which couple the elec-
tronic 3P1 states with 3S1 state and 3S1 state with 3P0 states,
respectively (Fig. 1). As shown in Sec. II, by choosing par-
ticular polarizations for these beams, one can make the beam
α only couple the original dark mode in the 3P1 manifold to
the 3S1 state while not influencing other relevant 3P1 states.
As a result, in the presence of two Raman beams, the dark
mode of our system becomes a dressed state of 3P1 and 3P0
levels, rather than a pure 3P1 state. Since the natural linewidth
of 3P0 state is very small (of the order of mHz), the linewidth
γD of the new dark mode can also be manipulated to be much
smaller than the natural linewidth γ of the 3P1 state. There-
fore, when the magnetic field is applied, the linewidth of the
transmission peak induced by the MIOT effect, which can ap-
proach γD, is able to be reduced by orders of magnitude from
γ . Meanwhile, the locations of this transmission peak and
the vacuum Rabi peaks are almost not changed by the Raman
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Figure 1. (Color online) (a): Schematic diagram of our proposal.
The bosonic alkaline-earth (like) atoms (e.g., 88Sr atoms) atoms are
trapped in an optical cavity. The MIOT effect is induced by a static
magnetic field along the z-direction, and can be detected via the
transmission spectrum of a probe beam through the cavity, which
is polarized along the x- and propagating along the y-direction (i.e.,
the axial direction of the cavity). The modulation of the linewidth
of the MIOT transmission peak is realized via two Raman beams α
and β , which are polarized along the x-direction and z-direction, re-
spectively. (b): The energy-level diagram of a bosonic alkaline-earth
(like) atom. Here
∣∣ex,y,z〉A are the 3P1 states defined in Eqs. (1-3),
and |S〉A is the 3S1 state with magnetic quantum number mJ = 0.
The cavity mode can couple the 1S0 state |g〉A with |ex〉A, the Raman
beam α couples
∣∣ey〉A and |S〉A, and the Raman beam β couples |S〉A
and the 3P0 state |P〉A. In addition, the 3P1 states |ex〉A and
∣∣ey〉A
can be coupled by the the magnetic field via the Zeeman effect, with
coupling intensity ∆/2. Other notations are all defined in Sec. II.
beams, and thus the former can still be clearly distinguished
from the latter ones. We also show that the hight of this MIOT-
induced peak (i.e., the maximum transmission rate) is also al-
most unchanged by the Raman beams, and the position of this
peak is robust for the cavity frequency and the total frequency
of the Raman beams. The uncertainty of this peak position is
approximately same as the fluctuation of the frequency differ-
ence of the two Raman beams. As a new approach for the re-
alization of ultra-narrow spectrum, our results are helpful for
the study of quantum optics and precision measurement tech-
nique via cavity quantum electronic dynamics (cavity-QED).
The remainder of this paper is organized as follows. In
Sec. II we show the physical principle of our proposal. In
Sec. III we explicitly derive the width, location, height and
pulling coefficient for the MIOT-induced transmission peak
via the Heisenberg-Langevin equation approach. A summary
of this work is given in Sec. IV.
II. PHYSICAL PRINCIPLE OF MIOTWITH ULTRA
NARROW LINEWIDTH
A. System and setup
In our system, there is an ensemble of cooled bosonic
alkaline-earth (like) atoms (e.g., 88Sr atoms) trapped in the
optical cavity (Fig. 1). In the experiments of Ref. [23], the
atom number N is about 106. In this section, for simplicity,
we take the single-atom case (i.e., N = 1) as an example to
illustrate the physical principle of our proposal. The explicit
calculations for the multi-atom case are given in Sec. III.
For the convenience of our discussion, we denote the 1S0
state as |g〉A and define three 3P1 states |ex,y,z〉A as
|ex〉A =− 1√
2
(|e+1〉A−|e−1〉A) ; (1)
|ey〉A = i√
2
(|e+1〉A+ |e−1〉A) ; (2)
|ez〉A = |e0〉A, (3)
where |emJ 〉A (mJ = 0,±1) is the 3P1 state with magnetic
quantum number along the z-axis being mJ . As shown in
Fig. 1(a), the optical axis of the cavity is along the y-axis, so
that the polarization of the photons in the cavity are in the x−z
plane. As a result, the cavity photons only couple the atomic
state |g〉A to |ex,z〉A, and cannot induce the transition from |g〉A
to |ey〉A [Fig. 1(b)]. The MIOT effect of this system is induced
by a bias magnetic field B along the z-direction, and can be de-
tected via the transmission spectrum of an x-polarized pump
laser transmitted through the cavity.
Above is this setup of the MIOT experiment in Ref. [23].
In the current proposal, we further assume two Raman laser
beams α and β are applied [Fig. 1(a)]. The beam α is polar-
ized along the x-axis and is resonant with the atomic transition
3P1 ↔ 3S1 [Fig. 1(b)]. According to the selection rule, this
beam couples |ey〉A to the 3S1 state with magnetic quantum
number mJ = 0 (state |S〉A), and does not couple |ex〉A to any
3S1 state (see Appendix A). In addition, the Raman beam β
is polarized along the z-axis and is resonant with the atomic
transition between the state |S〉A and the 3P0 state (state |P〉A)
which has an extremely long lifetime.
It is also worth pointing out that the cavity photon with z-
polarization and the atomic state |ez〉A are totally decoupled
from other parts of our system, and are irrelevant for our prob-
lem. Thus, in the following we only take into account the
atomic states |ex,y〉A and the photon with x-polarization.
B. Positions and widths of transmission peaks
For our problem, the atom and cavity field are initially pre-
pared in the state |g〉A|0〉c, where |0〉c is the vacuum state of
the cavity. A weak probe laser beam polarized along the x-
axis with circular frequency ωp is injected into and transmit-
ted through the cavity [Fig. 1(a)]. The transmission spectrum
is given by the intensity of the transmitted probe beam mea-
sured as a function of ωp. In the following two subsections,
3we will estimate the positions and widths of the peaks of this
transmission spectrum for various cases. Before going into the
detailed discussions, we first introduce our approach to these
estimations.
For convenience, we denote H as the Hamiltonian of the
atom and cavity field, which includes the coupling between
the atom and the cavity photon, the bias magnetic field, and
the Raman beams, i.e., the self-Hamiltonian of our system.
We further denote Hp as the Hamiltonian which describes the
coupling between the probe beam and the cavity field. In our
system, the probe beam is linearly coupled to the cavity field.
Thus, we have (h¯= 1)
Hp = igp(e−iωpt aˆ†x−h.c.), (4)
where aˆ†x is the creation operator of the cavity photon po-
larized along the x-axis. The coupling intensity between the
probe beam and the cavity photon is gp =
√
κIp/2ωp with Ip
the probe-beam the intensity and κ the photon dissipation rate
of the cavity mode. Here we have assumed that the photon
dissipation rate of the left and right cavity mirrors are same.
For our system, the initial state |g〉A|0〉c is always the
ground state of H, and we can choose its energy as E0 = 0.
As a result, the position and width of the peaks of the trans-
mission spectrum can be estimated as follows:
(i) If Hp can couple |g〉A|0〉c with another eigenstate |λ 〉 of
H (i.e., 〈λ |Hp|g〉A|0〉c 6= 0), then a peak of the transmission
spectrum can appear at
ωp = Eλ , (5)
where Eλ is the eigenenergy of H corresponding to |λ 〉.
(ii) In our system, the excited states of H can decay via the
leaking of the photon or the spontaneous emission of the 3P1
and 3S0 states. As a result, the eigenstate |λ 〉 has a non-zero
decay rate Γλ . The linewidth of the transmission peak at the
location ωp = Eλ can be estimated as this decay rate.
C. Case with B= 0: Rabi splitting
We first consider the case without the magnetic field, i.e.,
B = 0. In this case the Hamiltonian H of our system is given
by
H = HAP+HRaman. (6)
Here HAP is the Hamiltonian for the atomic 3P1 states and the
cavity field, and is expressed as
HAP = ωAaˆ†x aˆx+ωA (|ex〉A〈ex|+ |ey〉A〈ey|)
+
Ω
2
aˆx|ex〉A〈g|+h.c., (7)
where Ω is the Rabi frequency for the atom-photon coupling,
and ωA is the atomic 3P1↔ 1S0 transition frequency. We as-
sume the cavity mode is resonate with the atomic 3P1↔ 1S0
transition as in the experiment of Ref. [23]. In addition,
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Figure 2. (Color online) The transitions induced by the probe beam.
(a): The case with B = 0. In this case, the probe beam only induces
the transitions from the ground state |g〉A|0〉c to the two dressed states
|ϕ(±)〉, while does not couple |g〉A|0〉c to the dark mode |ϕD〉. (b):
The case with B 6= 0. In this case, the dressed states |ϕ(±)〉 and
the dark mode |ϕD〉 are coupled with each other by the magnetic
field, and form three new dressed sates |ϕ(±)′〉 and |ϕ ′D〉. As a result,
although the probe beam only directly couples |g〉A|0〉c to |ϕ(±)〉, it
can induce three transitions from |g〉A|0〉c to the three states |ϕ(±)′〉
and |ϕ ′D〉.
HRaman in Eq. (6) is the Hamiltonian for the atomic states
|S〉A, |P〉A and the Raman coupling, which is given by
HRaman = ωA (|S〉A〈S|+ |P〉A〈P|)
+
gα
2
|S〉A〈ey|+
gβ
2
|S〉A〈P|+h.c.. (8)
Here gα(β ) is the Rabi frequency of the Raman beam α(β ).
We have chosen a rotated frame to eliminate the time-
dependence of the Hamiltonian.
Two of the excited states of the total Hamiltonian H are
|ϕ(±)〉= 1√
2
(|g〉A|1〉c±|ex〉A|0〉c), (9)
with the corresponding eigenenergies
Eϕ(±) = ωA±Ω/2. (10)
Here |n〉c (n = 0,1,2, ...) is the state of the cavity field with
n photons. Without loss of generality, we have assumed that
the Rabi frequency Ω is real. According to Eq. (4), the probe
beam couples the ground state |g〉A|0〉c to the states |ϕ(±)〉.
Thus, our discussion in the above subsection yields that the
transmission spectrum has two peaks at
ωp = Eϕ(±) = ωA±Ω/2, (11)
which is the so-called vacuum Rabi splitting [Fig. 2(a)].
Furthermore, since |ϕ(±)〉 are superpositions with equal
weight of |g〉A|1〉c and |ex〉A|0〉c, the decay rates Γϕ(±) of
|ϕ(±)〉 can be estimated as (γ+κ)/2, with κ and γ being the
the leaking rate of the cavity photon and the spontaneous de-
cay rate of atomic 3P1 state, respectively. Moreover, in cur-
rent experiments we usually have κ  γ [24]. Therefore, the
linewidth of each transmission peak is
Γϕ(+) = Γϕ(−) ≈
κ
2
. (12)
For our system, the Raman beams α and β can couple the
state |ey〉A with the 3S1 state |S〉A and the long-lived 3P0 state
4|P〉A [Fig. 1(b)]. As a result, the total Hamiltonian H defined
in Eq. (6) has another eigenstate
|ϕD〉= |D〉A|0〉c, (13)
with
|D〉A =
gβ |ey〉A−gα |P〉A√
|gα |2+ |gβ |2
(14)
being the dark state corresponding to the Λ-type coupling be-
tween states |ey〉A, |S〉A and |P〉A. The eigenenergy of H with
respect to |ϕD〉 is
EϕD = ωA. (15)
However, since the probe Hamiltonian Hp cannot induce the
transition between |g〉A|0〉c and |ϕD〉, there is no peak cor-
responding to the state |ϕD〉 in the transmission spectrum
[Fig. 2(a)]. In this sense, |ϕD〉 is a dark state of our system.
D. Case with B 6= 0: MIOT modulated by the Raman beams
The MIOT effect occurs when a bias magnetic field B along
the z-direction is applied. In this case, the magnetic field can
induce Zeeman shifts of the 3P1 states with magnetic quan-
tum numbers ±1, and contributes a term HB = ∆(|e1〉〈e1| −
|e−1〉〈e−1|)/2 in the Hamiltonian, where ∆= 2µB is the Zee-
man shift and µ is the magnetic moment of 3P1 states. In the
basis |ex,y,z〉, this term can be re-written as
HB =−i∆2 |ex〉A〈ey|+h.c.. (16)
Accordingly, the self-Hamiltonian of our system becomes
H = HAP+HRaman+HB, (17)
where HAP and HRaman are given by Eqs. (7) and (8), respec-
tively.
When the magnetic field is so weak that ∆ Ω, we can
treat HB as a first-order perturbation and derive the approxi-
mated eigenstates and eigenenergies of H. Since the Zeeman
Hamiltonian HB couples the atomic states |ex〉A and |ey〉A, it
can couple the dressed states |ϕ(±)〉 with |ϕD〉. Therefore, the
perturbative eigenstate of H up to the first-order of ∆ can be
expressed as
|ϕ ′D〉 ≈ |ϕD〉+
i∆gβ√
2Ω
√
|gα |2+ |gβ |2
(|ϕ(+)〉+ |ϕ(−)〉)
= |D〉A|0〉c+
i∆gβ
Ω
√
|gα |2+ |gβ |2
|g〉A|1〉c, (18)
with corresponding eigenenergy
Eϕ ′D ≈ ωA. (19)
Eqs. (18) and (19) show that, due to the magnetic field induced
coupling between |ϕ(±)〉 and |ϕD〉, the state |g〉A|1〉c is mixed
into |ϕD〉 with a small weight. Hence, the probe Hamiltonian
Hp can induce the transition |g〉A|0〉c ↔ |ϕ ′D〉 [Fig. 2(b)] and
result in a new peak in the transmission spectrum appearing at
ωp = Eϕ ′D ≈ ωA. (20)
The appearance of this transmission peak at the dark state en-
ergy is the MIOT effect.
The linewidth of this MIOT peak is just the decay rate
Γϕ ′D of the state |ϕ ′D〉. According to Eq. (18) and Eq. (14),
|ϕ ′D〉 is the superposition of the long-lived state |P〉A|0〉c,
as well as the states |ey〉A|0〉c and |g〉A|1〉c. The popula-
tion of the latter two states are |gβ |2/(|gα |2+ |gβ |2) and
|gβ |2/(|gα |2+ |gβ |2)(∆/Ω)2, respectively. Thus, Γϕ ′D can be
estimated as
Γϕ ′D ≈
|gβ |2
|gα |2+ |gβ |2
[
γ+
(
∆
Ω
)2
κ
]
. (21)
When ∆/Ω is small enough, we further have
Γϕ ′D ≈
|gβ |2
|gα |2+ |gβ |2
γ. (22)
Thus, the linewidth Γϕ ′D of the MIOT peak can be modulated
by the Raman beams. In the absence of the Raman beam
α (i.e., gα = 0), the 3P1 state |ey〉A is decoupled with the
states |S〉A and |P〉A, and Eq. (22) shows that in this case the
linewidth Γϕ ′D of the MIOT peak is just the spontaneous emis-
sion rate γ of the 3P1 states. Furthermore, when the Raman
beam α is applied and the Rabi frequency gα of this beam
is much larger than the beam β , i.e., |gα |  |gβ |, Eq. (22)
indicates that the width Γϕ ′D of the MIOT peak can be fur-
ther decreased to a value much less than γ , i.e., we can have
Γϕ ′D  γ . Therefore, with the help of the Raman beams α
and β , one can significantly reduce the linewidth of the MIOT
peak and realize an ultra-narrow spectrum. That is the basic
principle of our scheme.
III. ULTRA-NARROWMIOT SPECTRUM FOR N-ATOM
SYSTEM
A. Heisenberg-Langevin calculation
The above single-atom analysis captures the most funda-
mental physics of our scheme for MIOT with ultra-narrow
linewidth, which also applies to the N-atom case. In this
section, we use the input-output theory to explicitly study
the transmission spectrum of the N-atom system and investi-
gate the detailed properties of the width, height, location, and
pulling coefficient for the MIOT-induced transmission peak.
We assume the cavity, Raman beams, and magnetic fields
are all uniformly coupled to the atoms. Thus the system
5Hamiltonian H defined in Eq. (17) is generalized as
H(N)AP = ωAaˆ
†
x aˆx+
N
∑
i=1
ωA(|ex〉(i)A 〈ex|+ |ey〉(i)A 〈ey|)
+
N
∑
i=1
(
Ω
2
aˆx|ex〉(i)A 〈gi|+h.c.), (23)
H(N)Raman =
N
∑
i=1
ωA(|S〉(i)A 〈S|+ |P〉(i)A 〈P|)
+
N
∑
i=1
(
gα
2
|S〉(i)A 〈ey|+
gβ
2
|S〉(i)A 〈P|+h.c.),
(24)
H(N)B =−i
∆
2
N
∑
i=1
(|ex〉(i)A 〈ey|−h.c.), (25)
where |〉(i)A is the internal state of the i-th atom. For the con-
venience of the following calculation, we introduce the the
following collective atomic operators
Bˆk =
1√
N
N
∑
i=1
|g〉(i)A 〈ek|, (k = x,y), (26)
Cˆl =
1√
N
N
∑
i=1
|g〉(i)A 〈l|, (l = S,P). (27)
In addition, we assume the cavity field is weakly driven by
the probe beam, so that the atoms are mostly occupied by the
ground states, and the populations of the excited states can
be neglected. According to the Holstein-Primakoff approxi-
mation [26], in this low-excitation regime Bˆk=x,y and Cˆl=S,P
satisfy the bosonic commutation relation
[Bˆx(y), Bˆ
†
x(y)]≈ 1, [CˆS(P),Cˆ†S(P)]≈ 1. (28)
In a rotated frame that the probe Hamiltonian is time-
independent (see Appendix B), the Heisenberg-Langevin
equations for our system are derived as
ia˙x = (δp− iκ2 )ax+
ΩN
2
Bx+ i
√
κIp
2ωp
, (29)
iB˙x = (δp− iγ2 )Bx+
ΩN
2
ax− i∆2By, (30)
iB˙y = (δp− iγ2 )By+
g∗α
2
CS+ i
∆
2
Bx, (31)
iC˙S = (δp− iΓ2 )CS+
gα
2
By+
gβ
2
CP, (32)
iC˙P = δpCP+
g∗β
2
CS. (33)
Here, we denote O ≡ 〈Oˆ〉 as the expectation value of the op-
erator Oˆ, and O˙ is the time derivative of O. Γ is the decay
rate of atomic state |S〉A, while κ and γ are the decay rates
of the cavity mode and the atomic 3P1 state, respectively, as
defined above. In addition, the cavity-probe detuning δp and
collective Rabi frequency ΩN are defined as
δp ≡ ωA−ωp (34)
and
ΩN ≡
√
NΩ, (35)
respectively. In deriving Eqs. (29-33), we assume the number
of the atoms in the excited states is quite small, such that the
ground state population 〈∑Ni=1 |g〉(i)A 〈g|〉 ≈ N, and all the tran-
sitions terms between excited states (e.g., ∑Ni=1 |ex〉(i)A 〈S|/
√
N
and ∑Ni=1 |ex〉(i)A 〈P|/
√
N) are negligible.
For our system, the transmission spectrum of the probe
beam is proportional to the ratio PT between the steady-state
transmitted power and the incident probe beam power [29,
30], which is a function of the probe frequency ωp and can
be expressed as
PT =
κωp
2Ip
|a(st)x |2. (36)
Here a(st)x is the value of ax for the steady-state solution of
Eqs. (29-33). With direct calculations, we find that PT can be
analytically expressed as
PT =
κ2
4
∣∣∣∣∣∣ (δp− i
γ
2 )F− ∆
2
4 R
(δp− iκ2 )[(δp− i γ2 )F− ∆
2
4 R]−
Ω2N
4 F
∣∣∣∣∣∣
2
, (37)
where R and F are given by
R= η− 4δp(δp− i
Γ
2 )
|gα |2+ |gβ |2
, (38)
F = δp (R+1−η)− iγ2R (39)
with the factor η being defined as
η =
|gβ |2
|gα |2+ |gβ |2
. (40)
In this work, we mostly concern the transmission peak in-
duced by the MIOT effect, which appears at δp ≈ 0. Specifi-
cally, we focus on the following three properties of the MIOT
peak:
(i) MIOT peak height P(max)T : the maximum value of PT
in the region of the transmission peak around δp ≈ 0.
(ii) MIOT linewidth WMIOT: the full width of this trans-
mission spectrum at its half maximum.
(iii) MIOT peak position δMIOTp : the value of δp where we
have PT = P
(max)
T .
The exact values of these parameters can be derived directly
with Eq. (37). Moreover, we find that under the condition
ΩN  ∆ {γ,κ}, the exact expression of Eq. (37) can be
further approximated as
PT |δp≈0≈
κ2
4
∣∣∣∣∣ η∆¯2/Ω2Nδp− i2η(γ+κ∆¯2/Ω2N)
∣∣∣∣∣
2
(41)
6with
∆¯≡
√
∆2+ γ2. (42)
Using Eq. (41) we can further derive the approximated ex-
pressions for the position, linewidth and height of the MIOT
peak:
δMIOTp ≈ 0, (43)
WMIOT ≈ η
(
γ+κ
∆¯2
Ω2N
)
, (44)
P(max)T ≈
∣∣∣∣ ∆¯2∆¯2+ γκΩ2N
∣∣∣∣2 . (45)
In the following three subsections, we will investigate the
properties of the linewidth WPT , height P
(max)
T , and the pulling
coefficient which describes the variation of the MIOT peak
position δMIOTp with respect to the frequency fluctuations of
the cavity-mode and the Raman beams.
B. Linewidth of the MIOT peak
Our result in Eq. (44) yields that the linewidthWMIOT of the
MIOT peak can be modulated by the Raman beams, and re-
duced by a factor η from the cases without the Raman beams.
In particular, when |gα |  |gβ | (i.e., η  1), this reduction
effect is very significant. All these conclusions are consistent
with our analysis of the single-atom case in Sec. II.
To illustrate the Raman-beam-induced reduction of the
MIOT linewidth, in Fig. 3 we show the relative transmission
power PT obtained from the exact expression Eq. (37) with
different Rabi frequencies of the Raman beams. We can see
there are three transmission peaks in each figure. The nar-
row peak around δp = 0 is induced by the MIOT effect, and
the other two peaks correspond to the vacuum Rabi splitting,
as discussed in Sec. II [25]. In Fig. 3 we also give the exact
MIOT linewidth WMIOT for each case.
In Fig. 3(a) we show the results for the case without Ra-
man beams (gα = gβ = 0), i.e., the case of the experiment in
Ref. [23]. It is shown that the MIOT linewidthWMIOT given by
our calculation is about 1.7 times of the decay rate γ of the 3P1
state, which is consistent with Ref. [23] and our approximate
result in Eq. (44). In Fig. 3(b, c) we illustrate the transmis-
sion spectrum for typical cases where the Raman beams are
applied, with the parameter η defined in Eq. (40) being about
4×10−2 and 2.5×10−3, respectively. It is clearly shown that
by decreasing the value of η or increasing the ratio |gα/gβ |,
one can significantly decrease the linewidth WMIOT. For in-
stance, when η ≈ 2.5× 10−3 (|gα/gβ | = 20), WMIOT is de-
creased to about (2pi)3.4×10−2kHz [Fig. 3(c)].
We further illustrate the MIOT linewidth WMIOT as func-
tions of the Rabi frequency gα [Fig. 4(a)] and the Zeeman shift
∆ [Fig. 4(b)], and compare the exact values ofWMIOT with the
approximate results given by Eq. (44). It is clearly shown that
this approximation works quite well. In addition, according
to Fig. 4, one can decrease the MIOT linewidth WMIOT to be
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Figure 3. (Color online) The relative transmission power PT of the
MIOT peak as a function of the detuning δp, which is given by the
exact result Eq. (37). (a): The result with no Raman beams (gα =
gβ = 0). (b): The result for gα = 2pi×10MHz and gβ = 2pi×2MHz
(|gα/gβ | = 5 or η ≈ 4× 10−2). (c): The results for gα = 2pi ×
40MHz and gβ = 2pi × 2MHz (|gα/gβ | = 20 or η ≈ 2.5× 10−3).
In our calculation we consider the system with 88Sr atoms, and take
ΩN = 2pi×5MHz, ∆= 2pi×1MHz, κ = 2pi×150kHz and γ = 2pi×
7.5kHz as in the experimental work [23] of 88Sr atoms. The decay
rate Γ of the 3S1 state is taken as Γ = 2pi × 5.3MHz [27, 28]. The
insets in each figure are the zoom-in views of the MIOT peak with the
exact values of WMIOT are also indicated. In addition, the values of
WMIOT given by the approximated expression Eq. (44) for the cases
of (a), (b) and (c) are WMIOT ≈ 2pi × 13.5kHz, 2pi × 0.519kHz and
2pi×0.0337kHz, respectively.
significantly below the nature linewidth γ of the 3P1 state, by
either increasing the ratio gα/gβ (i.e., decreasing the param-
eter η) or decreasing the Zeeman shift ∆ (i.e., decreasing the
magnetic field B). Nevertheless, in realistic cases one cannot
unlimitedly decrease ∆, because of the relative output power
fast declines with ∆ (as we will discuss below). Therefore, the
effective approach of the reduction of the MIOT linewidth is
increasing the ratio gα/gβ or the parameter η .
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Figure 4. (Color online) (a): The MIOT linewidth WMIOT as a
function of the Rabi frequency gα of the Raman beam with various
Zeeman energy ∆. (b): WMIOT as a function of the Zeeman energy
∆ with various Rabi frequency gα . The other parameters are same as
in Fig. 3. Here we show both the exact value of WMIOT given by the
exact solution of the Heisenberg-Langevin equations (29-33) (open
diamonds, circles, and squares) and the results from the approxima-
tion Eq. (44) (the correspongding solid lines).
C. Height of the MIOT peak
Now we consider the height P(max)T of the MIOT peak. In
Fig. 5 we compare the exact value of P(max)T and the approx-
imate results given by Eq. (45) for various cases, and it is
shown that this approximation works very well. Furthermore,
Eq. (45) and Fig. 5(a) show that the MIOT peak height is in-
dependent of the Rabi frequencies gα,β . This is an advantage
of our approach, because it yields that when the width of the
MIOT peak is decreased by the Raman beams, the height of
this peak is not suppressed.
The fact that P(max)T is independent of gα,β can be under-
stood with the following analysis for the single-atom sys-
tem of Sec. II. Since the MIOT peak is the transmission
peak corresponding to the probe-beam-induced transition be-
tween the ground state |g〉A|0〉c and the dark state |ϕ ′D〉 of
Eq. (18), the height of this peak can be estimated as pro-
portional to |〈ϕ ′D|Hp|g〉A|0〉c|2/Γϕ ′D , with Hp the probe beam
Hamiltonian defined in Eq. (4) and Γϕ ′D the dark state decay
rate given in Eq. (21). Using Eqs. (4, 18, 21) we can find
that both |〈ϕ ′D|Hp|g〉A|0〉c|2 and Γϕ ′D depends on the Raman-
beam Rabi frequencies gα,β via a coefficient η , thus the ratio
|〈ϕ ′D|Hp|g〉A|0〉c|2/Γϕ ′D is independent of gα,β .
In addition, as shown in Eq. (45) and Fig. 5(b), height of
the MIOT peak P(max)T is an increasing function of the Zee-
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Figure 5. (Color online) The height P(max)T of the MIOT peak
given by the exact calculation (open diamonds, circles, and squares)
and the approximated expression Eq. (45) (the corresponding solid
lines). (a): P(max)T as a function of the the Rabi frequency gα , with
∆/ΩN =1, 0.4 and 0.2. (b): P
(max)
T as a function of the Zeeman split-
ting ∆. Here we show the exact results for η =1, 0.1 and 0.01. Notice
that the approximated result is independent of η . Other parameters
are the same as Fig. (4).
man energy gap ∆. Explicitly, P(max)T takes a very small value
1/(1+Ω2N/κγ) in the limit ∆→ 0 and approaches its maxi-
mum value 1 only when ∆ ΩN
√
γ/κ . Therefore, as men-
tioned in Sec. III.B, in order to ensure the MIOT peak is high
enough in realistic cases, the Zeeman energy gap ∆ should be
large enough.
D. Position of the MIOT peak
As shown in Sec. III.A, the exact position of the MIOT
peak δMIOTp depends on the parameters (∆,ΩN ,κ,γ,gα,β ),
and can be calculated via the steady-state solution Eq. (37)
of the Heisenberg-Langevin equations. Moreover, we have
δMIOTp ≈ 0 under the condition ΩN  ∆ {γ,κ}, as shown
in Eq. (43).
In this section, we focus on the stability of the MIOT peak
position. In the above discussions we have assumed that the
cavity mode is exactly resonant with the atomic 1S0 ↔ 3P1
transition, and the Raman beams α and β are exactly reso-
nant with the 3P1 ↔ 3S1 and 3S1 ↔ 3P0 transitions, respec-
tively. However, in realistic cases both the cavity-mode and
the Raman-beams have random fluctuations. Namely, the
exact cavity frequency ωc and the Raman-beam frequencies
8η=1
η=0.5
η=0.1
10 20 30 40
10-4
10-3
10-2
10-1
100
0
(a)
∆/ΩN=0.2
∆/ΩN=0.4
∆/ΩN=1
g
α
 (2π×MHz)
η=1
η=0.1
η=0.01
10-2
10-1
10-3
c p
(c
)
10-4
100
10-5
1 2 3 4 50.1
∆(2π×MHz)
c p
(c
)
(b)
c p
(r
)
1
0.8
0.6
0.4
0.2
10 20 30 400
g
α
 (2π×MHz)
0.8
0.6
0.4
0.2
c p
(r
)
Δ(2π×MHz)
2 3 4 510.5
(c)
(d)
0
0
Approximated result
∆/ΩN=1
∆/ΩN=0.2
∆/ΩN=0.4
Figure 6. (Color online) The pulling coefficients c(c)p and c
(r)
p given by the exact calculation (open diamonds, circles, and squares) and the
approximated expression (the corresponding solid lines) from Eq. (50) and Eq. (52), respectively. (a, c): c(c)p and c
(r)
p as functions of the the
Rabi frequency gα with ∆/ΩN = 1,0.4,0.2. (b, d): c
(c)
p and c
(r)
p as functions of the Zeeman splitting ∆with η = 1,0.1,0.01 and η = 1,0.5,0.1,
respectively. Here we take ΩN = 2pi×5MHz and gβ = 2pi×2MHz. The other parameters are the same as Fig. 5.
ωα,β are given by
ωc = ωA+∆c, (46)
ωα = ωSA+
∆t
2
+
∆r
2
, (47)
ωβ = ωSP+
∆t
2
− ∆r
2
, (48)
where ωSA(SP) is the frequency of the atomic 3P1 ↔ 3S1
(3S1 ↔ 3P0) transitions, respectively, and ∆c,t,r are small
stochastic fluctuations. Notice that ∆t = ωα +ωβ − (ωSA+
ωSP) is actually the the fluctuation of the total frequency of
the two Raman beams (i.e., the random one-photon detuning,
and ∆r = ωα −ωβ − (ωSA−ωSP) is the fluctuation of the fre-
quency difference of the two Raman beams (i.e., the random
two-photon detuning).
The frequency fluctuations ∆c,t,r can cause an unknown
shift of the position δMIOTp of the MIOT peak, and thus
δMIOTp should be a function of these fluctuations, i.e., we have
δMIOTp = δMIOTp (∆c,∆t ,∆r). This random shift of the MIOT
peak position can be described by the pulling coefficients c( j)p
( j = c, t,r) which are defined as
c( j)p =
∣∣∣∣∣ ∂∂∆ j δMIOTp (∆c,∆t ,∆r)
∣∣∣∣
∆c=∆t=∆r=0
∣∣∣∣∣,
( j = c, t,r). (49)
If c( j)p ( j= c, t,r) is small, it means the system is robust against
the frequency fluctuation ∆ j.
We can numerically derive δMIOTp (∆c,∆t ,∆r) and the
pulling coefficients c(c,t,r)p by replacing the terms ωAa†xax in
Eq. (23) and ωA(|S〉(i)A 〈S|+ |P〉(i)A 〈P|) in Eq. (24) with ωca†xax
and [ωA− (∆t +∆r)/2]|S〉(i)A 〈S|+(ωA−∆r)|P〉(i)A 〈P|, respec-
tively, and solving the corresponding Heisenberg-Langevin
equation. Besides, similar as Sec. III.A, we can derive ap-
proximate expressions of the pulling coefficients for the cases
with ΩN  ∆{γ,κ}:
c(c)p ≈
(
∆¯
ΩN
)2
η , (50)
c(t)p ≈ 0, (51)
c(r)p ≈ 1−η . (52)
In Fig. 6 we show the pulling coefficients, c(c)p and c
(r)
p , as
functions of the Rabi frequency gα of Raman beams and the
Zeeman splitting energy ∆. It is shown that the exact values
agrees very well with the approximate results in Eq. (50) and
Eq. (52). In addition, our numerical calculation shows that
exact value of c(t)p is of the order of 10−14, which is consistent
with the approximated result Eq. (51).
Furthermore, as shown Eq. (44), the ultra-narrow MIOT
linewidth appears when η  1 and |∆¯|/|ΩN |  1. Eqs. (50-
52) yield in this parameter region, and we have c(c)p  1,
c(t)p  1 and c(r)p ≈ 1. Thus, the ultra-narrow MIOT transmis-
sion spectrum is very stable to the fluctuations of the cavity
frequency and the one-photon detuning of the Raman beams.
On the other hand, the fluctuation ∆r of the frequency differ-
ence of the two Raman beams can lead to an uncertainty of
the MIOT peak position, which is almost same as |∆r|. In
current experiments one can suppress |∆r| to the Hz (or even
9lower) level via various techniques, e.g., locking the two Ra-
man beams with two comb lines of an optical frequency comb
or two modes of the same cavity. Therefore, the above MIOT-
peak position uncertainty can also be of this order.
IV. CONCLUSIONS
In this work, we show that an MIOT effect with ultra-
narrow spectrum can be realized in the cavity QED system
with cold alkaline-earth (like) atoms dressed by two Raman
beams. In our scheme the linewidth of the MIOT-induced
transmission peak can be reduced to the Hz or even lower
level, which is at least three orders smaller than that in the cur-
rent experiment of MIOT [23]. Meanwhile, the heigh of this
transmission peak is almost unchanged by the Raman beams,
and the fluctuation of the peak position can be same as the
one of the frequency difference of the two Raman beams. Our
scheme may be helpful for studies of precision measurement
and other quantum optical processes based on cavity QED,
e.g., the superradiant lasing [17–20].
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Appendix A: Selection rule of the Raman beam α
In this appendix we derive the selection rule for the Ra-
man beam α , which couple the atomic 3P1 states to the 3S1
states. Since this beam is polarized along the x-direction,
the Hamiltonian Hα for the coupling between this beam and
the atom is proportional to dˆ · ex, where dˆ and ex are the to-
tal electric dipole operator and the unit vector along the x-
direction, respectively. Introducing the complex unit vectors
e± = (ex± iey)/
√
2, we find that
Hα ∝
(
dˆ · e++ dˆ · e−
)
. (A1)
The physical meaning of the above result is that the beam po-
larized along the x-direction is actually the combination of two
beams with σ+- and σ−-polarization.
Moreover, the calculation based on the angular momentum
theory yields
A〈s0|dˆ · e+|e−1〉A = A〈s0|dˆ · e−|e+1〉A 6= 0, (A2)
and
A〈s j|dˆ · e+|e±1〉A = A〈s j|dˆ · e−|e±1〉A = 0,( j =±1),
(A3)
where |e j〉A and |s j〉A ( j = 0,±1) are the 3P1 and 3S1 states
with magnetic quantum number mJ = j, respectively.
Using Eq. (A1) and Eqs. (A2, A3), we can obtain
A〈s0|Hα |ey〉A 6= 0, A〈s±|Hα |ey〉A = 0, (A4)
and
A〈s j|Hα |ex〉A = 0, ( j = 0,±1), (A5)
with the 3P1 states |ex,y〉A being defined in Eqs. (1, 2) in
Sec. II. Eqs. (A4, A5) clearly show that the Raman beam α
couples |ey〉A to the 3S1 state |s0〉A with magnetic quantum
number mJ = 0, (i.e., the state |S〉A in Sec. II), and does not
couple |ex〉A to any 3S1 state.
Appendix B: Rotated frame for the Heisenberg-Langevin
equations
The Heisenberg-Langevin equations (29-33) of Sec. III are
derived in the rotated frame where the state |Ψ(t)〉I at time t
satisfies
|Ψ(t)〉I = eiH
(N)
0 t |Ψ(t)〉S, (B1)
with |Ψ(t)〉S being the state in the Schro¨dinger picture, and
the Hamiltonian H(N)0 being defined as (after the Holstein-
Primakoff approximation)
H(N)0 = ωp
(
aˆ†x aˆx+ Bˆ
†
xBˆx+ Bˆ
†
yBˆy+Cˆ
†
SCˆS+Cˆ
†
PCˆP
)
.
(B2)
In this frame, in the presence of the probe beam the state
|Ψ(t)〉I satisfies (h¯= 1)
i
d
dt
|Ψ(t)〉I = HI |Ψ(t)〉I , (B3)
where
HI = δp
(
aˆ†x aˆx+ Bˆ
†
xBˆx+ Bˆ
†
yBˆy+Cˆ
†
SCˆS+Cˆ
†
PCˆP
)
,
+
(
ΩN
2
Bˆ†x aˆx+
gα
2
Cˆ†S Bˆy+
gβ
2
Cˆ†SCˆP+h.c.
)
−i∆
2
(
Bˆ†xBˆy− Bˆ†yBˆx
)
+ i
√
κIp
2ωp
(
aˆ†x− aˆx
)
.
(B4)
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